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» Solution set and parametric vector form
EXAMPLE 3 Descrbe all solutions of Ax = b, where
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A=|-3 -2 4| and b= |-l |
— 6 1 —8 -7 —4 (o0~ bus)
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» Homogeneous system

EXAMPLE 1 Determine if the following homogeneous system has a nontrivial
solution. Then describe the solution set.

3x1 4 Sxp — 4 ( ,
i o Cbs0)

3_11" L2 4 -4_"1'3 o - ,\0\610 é - O

bxy; + x3 — Bxgy

SOLUTION Let A4 be the matrix of cae:l'ﬁments of the system and row reduce the
augmented matrix [ 4 0] to echelon form: pivaT Positien

| 32~ s - [%)~5 —4 n‘|~\3&*5& e
R )t-J Lndnnj
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Solve for the basic vanables x1 and x> and obtain T_L—\j.‘i.'g _tzw_ 0, wath x; free. As a

wvector, the general solution of Ax — 0 has the form
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If every column of an augmented matrix contains a pivot, (
then the comesponding system is iInconsistent —

0 o

VWhenever a system has free variables, the solution set
contains many solutions. Y

augmented matrix [ A b | has a pivot position in every row, the comesponding syste
may of may not be consistent. ~——

If the coefficient mairix 4 has a pivet position in every
row, then the comesponding system is consistent. «——
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» Matrix equation =
s

a3 )l
A x = b

15 equivalent to

(1)
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» Vector equation

X+ 2x — ;=4

1
—5x3 +3x3 =1 X, Kz ¥ M
15 equivalent to b
| + 2 + —1] |4 @)
o) T2 572 31T ] -
( &, a, As Cby

If 415 an m x n matnx, with columns a, ..., aﬂ,andifhisinlﬁf,themah'jx
equation o
Ax="0b (4)

has the same solufion set as the vector equation

xja); + x@; + -+ xzay = b (5)
which, in turm, has the same solution set as the system of hinear equations whose
augmented matrx 1s X X y
[al aé a:, h] (6)
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» Linear combination

Given vectors v . W2, . ... Vpin E" and given sealars ¢, ca, . . ., cp. the vector y defined
by B -
¥y=cvi+--+cpvp \/'5‘],

15 called a linear combination of v)..... vp with weights ¢, ..., cp. Prepeesaliny
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l 2 7
EXAMPLES letaj=|-2|.ax=|5|.andb= 4 |. Determine whether
- —5 - [i] - -3

b can be generated {(or wmtten) as a linear combination of a; and a,. That 15, determine
whether weights x| and x; exst such that
xja) +x:a; =b “r

If vector equation (1) has a solution, find it.

X+ = 7
—1l'|+5.?i'2= "-1- %_
—5x) + bx; = -3

To solve this system, row reduce the augmented matrix of the system as follows:?

IR P R - N
|5 s Lo [ow=][o0 a

The mlutmn ﬂf{E) 15 xp=3and x; = 2. 15 a linear combination of a; and a.,
with weights x;) = 3 and x; = 2. That]s
[ 7]

1.s
(3]

]

[N = R I B
[ e —
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» span

If wv..... vp are In B then the set of all linear combinations of v)..... ¥p
is denoted by Span{vy,.... vpy and is called the subset of R" spammed (or
generated) by vy, ..., vp. That is, Spanivy,.... vpy is the collection of all
vectors that can be wnitten in the form

1
C1¥] + ca¥a+ -+ Cp¥p v
withey, ..., cp scalars. <
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1 5 —3
EXAMPLE G ILet aj=|-2|, a=| —13 |, and b= B |. Then
3 -3 1

Span {a;, a;} is a plane through the origin in B, Is b in that plane?

SOLUTION Does the equation xja; 4+ x;a; = b have a soluttion? To answer this, row
reduce the augmentedmam’x [a1 a b]:

) 3 Slle 3 3L FS 3
| 3 3 |J [n —~18 mJ @/J

The third equation 15 00 = —2, whuch shows that the swstemhas no mlutmn The vector
equation xja; + x;a; = b has no sclution, and so b 15 nef In Spa.u {a),aa). [ |
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The equation Ax = b has a solution if and only if b 1s a inear combination of the
columns of A. I

Asking whether a vector b is in Span {vy,.... vp) amounts to asking whether the
vector equation
X|¥] +X3¥a + -+ xp¥p =b

has a solution, or, equivalently, asking whether the linear system with augmented matrnx
[vi --- w, b]has asclution
e —

In the next theorem, the sentence “The columns of A span E™” means that everybin
E"™ is a linear combination of the columns of 4. In general, a set of vectors {v, ..., Vol
in B™ spams (or gemerates) B™ if every vector in B" is a linear combination of
V]..... vp—thatis, if Span {v;..... vpi = R
A
)

v ory Vow in Con T o pivet -

—
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{¥1. %2, %3} span B*7 Why or why not?
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I 3 4 by
EXAMPLE 3 letd=| -4 2 —6 |andb= | by |. Is the equation Ax = b
- -3 -2 7 by -
consistent for all possible by, by, by? R spanbt Cols) £ AZA N0

SOLUTION Row reduce the augmented matnx for 4x = b

1 3 4, b [ 1 3 4 by
—4 2 —6 by |~|0 14 10| b+ 4b
—3 -2 —7. b, 0 7 5! by+3b
1 3 4, by
~ 'I:I/ |'|:|{' by + 4by
ﬁ_w' by + 3b — L(by + 4by)
= =o

The third entry in column 4 equals b — lllil'f] + by, The equation Ax = b is not
consistent for every b because some choices of b can make by — lzh;_ + b; nonzero. W

61-12()24-()3 =0
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Let A be an m x n matrix. Then the following statements are logically equuvalent.
That 15, for a particular A, either they are all true statements or they are all false.

a. Foreach b in R, the equation Ax = b has a solution.
b. Each b in E™ is a limear combination of the columns of A.
¢. The columns of A span E™.
SRR Ay 2
d @has a pivot position in every row.
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For what value(s) of & will y be in Span{v). v», v3} if

S B R 1 e e R 1
ST = B B Bl F

The vector y belongs to Span {v), v2, v3} if and only if there exist sealars x).x;, x5
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» Linear independent

An indexed set of vectors {v, ..., vpi in R is said to be linearly independent

if the vector equation b
XV +X2¥2 +--+xp¥p =10

has only the tnvial solution. The set 4 PR ¥y 15 said to be linearly dependent
if there exist weights cp, ..., cp, not all zero, such that
c¥] +cava+ -+ cpvp =10 (2

(\/l Vo — ‘/p)'g)

)? Z 0 /X\‘L)(Z—_X}:
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The columns of a matrx 4 are linearly independent if and only if the equation
Ax = 0 has only the trivial solution. (3)

The homogeneous equation 4x — 0 has a noninvial solution if and only if the

equation has at least one free vanable. [Trivial s\- — all Vav. sw gosic)

EXAMPLE 1 Letw =1|7"]"—|,v;:= Iri—‘,andﬁ = [f—‘

L ) .
L3 Lol Lo
a. Determme if the set {v), v2, ¥1} 15 linearly independent.
b. If possible, ind a linear dependence relation among vy, v», and v3.
= @ 4 2 0 Y, Vo -2V, 'y 2 o \ e L oo (D 4 0
Foiglmnts gy [F4f)i]

2
4 -6 -¢ 6 _%_@@ o o0 0

~ R y X
"3\(1-?\(3:0 XZ:‘\AS / Y\"'L"\(l "‘2\!3:0 /-_K“_Q 3 - k_'$\u
\/ -
)(,\/1*\17_\/14-\(3\/_?-_1() 2\(?\/{*\(3\/2 +)(3\/3;d - qu('z\]\__\/14. 3\_0
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= = I R

0 4
EXAMPLE 2 Determine if the columns of the matrix 4 = | | —1 | are
5 0
linearly independent. -
SOLUTION To study Ax = 0, row reduce the augmented matrx:
['D] "D—l ( 2—1 'III—l [CD z—l ﬂ
LE 8 0! 'I]J L{l —2 lIIIJ LD [IJ

At this point, it 15 clear that there are three basic vanables and no free vanables. So
the equation 4x — 0 has only the tmwial solution, and the columns of 4 are linearly

mdependent. |
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If a set contains more vectors than there are entnes i each vector, then the set
is linearly dependent. That is, any set i¥1.....¥ps in B" is linearly dependent if
p = n.

< 1 e ¥ spem

Ifaset § ={v,..., vp} in R" contains the zero vector, then the set is lmearly
dependent.

EXAMPLE 6 Determine by j.uéeminn if the given set is linearly depﬂnd-ent

-THEEE BRI aHE

ia.deyp ,
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