L 1.1 SYSTEMS OF LINEAR EQUATIONS 5031011

A linear equation 1n the variables xy, ..., X, 15 an equation that can be written in the
form

NV Xy +axy+o+ gy =5 1
§q'xl:[<> X1 + @ n X | (1)
A system of linear equations (or a linear system) is a collection of one or more

linear equations involving the same variables—say, xy,....X,. Anexample is

2x) —x24 15x3= 8

(2)
— 4,1'3 —
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The set of all possible solutions is called the solution set of the linear system.




Finding the solution set of a system of two linear equations in two variables is easy
because it amounis to finding the intersection of two lines. A typical problem is

oq'\l‘tl qD':-7 Xy —2x; = —1

—x; +3x:= 3

q.?l-_,_l ®22 -3

The graphs of these equations are lines. which we denote by £, and £,. A pair of numbers
(xy, x2) satisfies borh equations in the system if and only if the point (x, x>) lies on both
£y and £-. In the system above, the solution is the single point (3. 2), as you can easily
verify. See Fig. 1.

FIGURE 1 Exactly one solution.



(a)
FIGURE 2 (a) No solution. (b) Infinitely many solutions.




Note Title 2021-04-11

A system of linear equations has

1. no solution, or

2. exactly one solution. or
3. infimtely many solutions.



Matrix Notation

The essential information of a linear system can be recorded compactly in a rectangular TETET

array called a matrix. Given the system
Xy —2x24 xa= 0
2x; — 8x3 = 8 (3)
—4x; + 5x; + 9x3 = —9°
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ELEMENTARY ROW OPERATIONS

1. (Replacement) Replace one row by the sum of 1self and a multiple of ;tuﬂ.’dlel"c

2021-04-11

row.:

=~

2. (Interchange) Interchange two rows.
J. (Scaling) Multiply all entries in a row by a nonzero constant.




If the augmented matrices of two linear systems are row equivalent, then the two
systems have the same solution set.

V-3 (5)] F o et =
o A, —4Ac-H

| g o F1=1
X —2x2 4+ x3= 0 row Xj—2x2 4+ x3=0 = | 0 .
2 Xy — 3_1.'-; — R — X = 4.1'_1 =4 '_’7 ] —4 4 V
] | T : 0 3
—4x; + 5x3 + Ix3 = -9 [ ,A X3 =23 0 | 2
((
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Determine if the following system is consistent:

w 2 —3 2 1
X3 —4x; =8 —T-O—"'> [D 1 —4 8 ]
2%; — 3% 4 2x3 = 1 J 6 0 0 5/2
5x — 8x: + x5 =1 o P(‘ W 1§
Y
-2s - & 7 | ] +
N 'y
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Note Title e

2021-04-11

J
A rectangilay mamx 1is i_t\igtelﬂn form {(or row echelon form) if it has the
following three properties: =

— —

1. All nonzero rows are above any rows of all zeros.

2. Each leading entry of a row 1is in a columm to the right of the leading entry of
the row above ir.

3. All entries in a column below a leading entry are zeros.

If a marix in echelon fornmm satisfies the following additional conditions, then it is
in reduced echelon form (or reduced row echelon form):

4. The leading entry in each nonzero row i:-;@,
5. Each leading 1 is the only nonzero entry in its column.

THEOREM 1 Uniqueness of the Reduced Echelon Form
Each matrix is row equivalent to one and only one reduced echelon matrix.



JEFINTTION A pivot position in a matrix A is a location in A that corresponds to a leading 1
il the reduced echelon form of A. A pivot column is a column of A that contains
a pIvot position.

—2 -3 0 3 —1
0O —3 —6 4 9

Pivaot
0O —3 —6 4 9 Q‘_’j = S
-1 -2 -1 3 1 {— —2 —1 3 1 :l

T— Pivot column
il s 1 4 5 -9 7
ol & of 0 @ 4 -6 —6
0, —15 —15 0O 0 0 0 0 34—
6 4 9 0 0 0 0
)3 0 0 0@ 0,
cXl 1}1".";}{ column
A\ % QOV‘
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1 -4 5 —9 |—7 ] * * * *
0 2 4 —6 !—ﬁ R e 0 = + + * —I
0 0 0 —5-+ 0 4 0O 0 4] | *
0 0 0O 0 0 0 0 0 0 UJ

1' 1 1 Pivot columns /
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3

|

3 -6 6 4 —5
¥ 8 —5 8 9
—9 12 -9 6 15

Pivot
3+—9 12 -9 6 15
3 -7 8 -5 8 9
0O 3 -6 6 4 -5
Pivot
3 -9 12 -9 6 15
0 2+ —4 4 2 —6
0O 3 -6 6 4 -5
f_ MNew pivot column
3 -9 12 -9 6 15
0 2 —4 4 2 -6

0 0 0 0 1=+ 4
1 Pivot

O 3 —6 G 4 —5
3 = | s 5 2 9
3 —9 12 —9 6 15
t Pivot column

Pivot
34-9 12 -9 6 15
0 —4 4 2 -6
0 -6 6 4 -5

«— Row24(-2)-row 3

9:| < Row | + (—6) -row 3
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Solutions of Linear Systems

X — 5x3 — 1
4 X2+ xz3=4%
7 0O =0
« X J
l“” ‘J‘
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THEOREM 2

Existence and Uniqueness Theorem

A linear system is consistent if and only if the rightmost column of the augmented
matrix is nor a pivot column—that is, if and only if an echelon form of the
augmented matrix has no row of the form

E[D e 0 bﬂ with b nonzero

If a linear system is consistent, then the solution set contains either (i) a unique
solution, when there are no free variables, or (ii) infinitely many solutions, when
there is at least one free variable.

[-; 0 o \\,L’?

oK, & 0T+ X)) = 5









Vectors in R%

A matrix with only one column is called a column vector, or simply a vector. Examples
of vectors with two entries are

S R

3
if u:[j] and ¢ =35, then cu:S[_‘l]z[‘]ﬂ

The number ¢ 1n cwn1s called a scalar;




Givenu — [_,.l}] and v = [_g].ﬁnd du. (—3)v. and 4u
4 —6
du = I:_B_ (—3)v = [ 15]
4u 4+ (—3)v = _:]+[_;g]=[_$] (‘IU

Geometric Descriptions of R?

[ ]

(-2 -1)

~
'/ e a

»’

FIGURE 1 Vectors as points, FIGURE 2 Vectors with amows.



Parallelogram Rule for Addition
If u and v in B? are represented as points in the plane, then u + v corresponds to
the fourth vertex of the parallelogram whose other vertices are u, 0, and v. See

Fig. 3.
5

0 = \/\vll V'wt“ (m" au+Y
A X ¥) -

pq -5 [S] O+ W = o ver k)
.l.'I

@ ~ T 4 FIGURE 3 The parallelogram rule.







EXAMPLE 2 The vectorsu = [3

:i.l]. Fi.gr 4- C——— S —— .
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2 ] Display the vectors u. 2u. and —%n on a graph.

EXAMPLE 3 letu= [_1

SOLUTION See Fig. 5, where u, 2u = [_g], and —3u = [ zﬁ] are displayed. The

arrow for 2u is twice as long as the arrow for w, and the arrows point in the same
direction. The arrow for —%u is two-thirds the length of the arrow for w. and the arrows

point in opposite directions. In general, the length of the arrow for cu is |¢| times the

Ou

.II .l']
u u
2u
L ]

Typical multiples of u The set of all multiples of u




Vectors in R?

Vectors in R”

(23 4] -

Vectors in R

Vectors in B* are 3 x | column matrices with three entries.

NS

Algebraic Properties of R"
For all u, v, w in R" and all scalars ¢ and d:

)u+v=v+nu

(i) (m4+v)+w=u+(v+w)
(i) u+0=0+u=u

2
3
4

3=

(v) c(w+v)=cu+cv
(vi) (c +d)u=cu+du
(vii) ¢(du) = (cd)(u)

(ivie4+(—u)=—-u+u=0, (viii) lu=u

where —u denotes (—1)u



Vectors in R”

If n 15 a positive integer, R" (read “r-n”) denotes the collection of all hsts (or ordered
n-tuples) of n real numbers, usually wntten as n « | column matrices, such as

The vector whose entries are all zero is called the zero vector and is denoted by 0.
(The number of entries 1n 0 will be clear from the mumzr_]\

(&4
Algebraic Properties of R"® ©
Forallw. v, win B" and all scalars ¢ and d: o
(Dm4+v=v+n (v) c(m+¥)=cu+cv :
(i) (u+v)+w=u+(v+w (vi) (c +dm =cu+ dua :
(i) u4+0=0+u=n (vii) c({dua) = (cd)(u) J
w)u+(—aj=—-ua+u=10, (vii1) lu=nm

where —u denotes (— 1 ju
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Linear Combinations ' ~
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Given vectors vy, v, ..., v, in R" and given scalars ¢y, ¢3.. .., €p, the vector y de \
by ! (2
‘ F=f|v|+---+f,ﬂpﬁl ! ) ]
is called a linear combination of v,. ..., v, with weights c,..., cp. Propert Vv
above permits us to omit parentheses when forming such a linear combination. /\
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1 2 £
EXAMPLE 5 Lleta, = [—2].33 = {5J.audb= { 4]. Determine whether

ol 6 = X 2X7
b can be generated (or written) as a linear combination of a; and a,. That is, determine 21 1 + | 5x2
whether weights x; and x» exist such that — 5 3
—2X) 6x;
Xia; + x4 =b (l)
If vector equation (1) has a solution, find it.
Xy + 2%

SOLUTION Use the definitions of scalar multiplication and vector addition to rewrite

the vector equation
1 2
x| =2 |4x]5
—5 6

f r f

aj a b
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The solution of (3)is x; = and x; = 2. Hence b is a linear combination of a, and a5, )
with weights x; = 3 and x, = 2. That is,
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A vector equation — ]
(I,a, + x285 + --- —[—_r,,a} — b

has the same solution set as the linear system whose augmented maitrix is

[¢, a --- a, b] (5)

In particular. b can be generated by a linear combinationofa;..... a, if and nd only

if there exists a solution to the linear system corresponding 1o the matnx (3).

— ] - Ll ANSAL WP P R LRAL MALFLALL LA

2. The vector y belongs to Span {v,, v», v3} if and only if there exist scalars xj. x>, X3

such thar
1 5 -3 —47 Wy recd on

x| =1 | +x2| 4|+ x5 I fi= 3
—2 —7 0 h

This vector equation is equivalent to a system of three linear equations in three 3 4
unknowns. If you row reduce the augmented matrix for this system. you find that

= €N\ -V

! 5—1-—4 1 5 -3 1 -4 1 5 -3 ' 4
-1 -4 133|~|0 1 2! <1 |~|0 1 2/ =l
-2 -7 u‘ h 0 3 —6)h-8 0 0 0, h-5

The system is consistent if and only if there is no pivot in the fourth column. That

is, i — Smust be 0. So yis in Span {v,, v2, vajifand only if # = 5.
T

Remember: The presence of a free variable in a system does not guarantee that the
system 1s consistent.



1 0 —4 4
25. 1Let A= [ 0 3 —2:| and b = [ I}- Denote the

columns of ¥y a,, a,. a,. and let W = Span {a;.a,.a.}.

a. Isbinia;. a, a,;? How many vectors are in {a;.a,. a;;?

C.a + (‘-c'\'“.g")

¢. Show that a; 1s mm W. [Hinr: Row operations are unnec- = lo
essary.]

b. Is b in W? How many vectors are in W7

In Exercises 11 and 12, determmne if b 1s a inear combination of
a, ar, and as.

o s [_é].&:: H.a,: [_2],b= [_f]
L ks V3
@1’ 5“!)\/'\.1‘/3’( l N

—’/ ¢

~ —2 . Y
?..V\'\I73 ¢ \ﬁ\/ \‘ o

4"






If vj.....¥, are in B", then the set of all Iinear combinations of v;..... ¥p
is denoted by Span{wv,..... ¥v,+ and 15 called the subset of 1" spanmed (o1

generated) by v;.....v,. That 15, Span{¥;.....¥p} 15 the collecnon of all
vectors that can be written in the form

Ci¥] +— W 4 =~* 4 Cp¥p

Askmgwlmth:rawﬂm’]rhinﬁpm{vl ..... ¥} amounts to asking whether the
vecto! equation

KIITI 'I‘Il?l"‘""'l‘-rpvju = I]'J

has a solution, or, equivalently, asking whether the hnear system with angmented matrix
[¥i +-- ¥, b]hasa solution.

Ty

A Geometric Description of Span{v} and Span {u, v} E‘ I

FIGURE 10 Span {v} as a line FIGURE 11 Spanju.v}asa
through the ongin. plane through the ongin.




l 5 —3
EXAMPLE 6 et a;=|i—2j|, :1=|:—l3:|. and h=|: E]. Then
3 -3 |

Span {a;.a;} is a plane through the origm in R*. Is b in that plane?

SOLUTION Does the equation x;a; + x:8; = b have a solution? To answer this, row
reduce the aupmented mamx [a; a: b]:

1 N —3 | F =3 I 5 -3
-2 —13 8|~|0 -3 2|~]0 =3 2
3 -3 1 0 —18 10 0 O =2

The third equation 1s 0 = —2, whach shows that the system has no solution. The vector
equation x;a; + x:a; = b has no solution, and so b 1s not in Span {a;, a;}. |



In Exercises 13 and 14, determme if b 15 2 linear combmation of
the vectors formed from the columns of the mamx A.

— — _—

1 —4 2 3
1JZ2. A=] 0D 3 51.b=| =7
|-—2 B —4 | =3 ]

i e[ e

value(s) of i 15 b in the plane spanned by a) and a:?






THE MATRIX EQUATION Ax = b

If 4is an m x n matrix, with columns ay,..., a,. and if x is in R”, then the
product of A and x, denoted by Ax, is the linear combination of the columns
of A uvsing the corresponding entries in x as weights: that is,

X)

Ax:[ﬂl Ry - ﬂn] - | = X2 + X8 + -+ 4 XA,
Xn

EXAMPLE 1

SRR B EIE S

|

—13
32
—6

] .



EXAMPLE 2 Forv,.v,, vyin R™, write the linear combination 3v; — 5v, 4+ 7vs as
a maftrix times a vector.

SOLUTION Place v, v,, v; into the columns of a matrix A and place the weights 3, —5,
and 7 into a vector X. That is,

3
3vi—5va+7vi=[vi W v_;]I:—-Si|=.-ix ]
7

If 4 is an m =< n matrix, with columns a;.....a,. and if b is in E™, the matrix
equiartion
Ax =T )

has the same solunon set as the vector equanon
x;ja; +x2a; +---+x,a, — b (5)

which, in turn. has the same solution set as the system of linear equations whose

augmented matrix is
[n. A> --= A, h] (6)

The equation Ax = b has a solution if and only if b 15 a linear combination of the
columns of 4.



| 5. 4 by
EXAMPLE 3 letdA=| —4 2 —6 | andb = | b> |. Is the equation Ax = b
—3 -2 -7 b3
consistent for all possible by, b;, b37

SOLUTION Row reduce the augmented mamx for Ax = b:

1 3 4 by 1 3 4 by
—f 26 Bb|=]0 14 10 b, + 4b,
-3 -2 -7 \“.1'_1 I_U ] 5 !}_1 -+ 31'_7|
B 3 4 b,
10 14 10 b, + 4b,
| O 0 0 b3+ 3by — 3(bs + 4by)

The third entry in column 4 equals by — 1b> + b3. The equation Ax = b is nor
consistent for every b because some choices of b can make 5, — %bg + b4 nonzero. WA

b|—%b2+b3=0



If A1sanm x n matrix, u and v are vectors in B". and ¢ is a scalar, then:

a. A(u+v)= Ao + Av;
b. A(cu) = c(Aun).



1.5 SOLUTION SETS OF LINEAR SYSTEMS

Homogeneous Linear Systems

A system of linear equations 1s said to be homogeneous if it can be written in the
form Ax = 0, where 4 15 an m x n mamx and 0 1s the zero vector m B™. Such a
system Ax = 0 always has at least one solution, namely, x = 0 (the zero vector n R").
This zero solution is usually called the trivial solution. For a given equation Ax = 0,
the important guestion is whether there exists a nontrivial solution, that is, a nonzero
vector x that satisfies Ax = 0. The Exastence and Uniqueness Theorem in Section 1.2
(Theorem 2) leads immediately to the following fact

The homogeneous equation Ax = 0 has a nontnvial solution if and only if the
equation has at least one free vanable.



3x; +5x; —4x3=0§0‘ \/‘L

—3x; — 2 + 4x3 =0

6x; + x —8x3=0

FIGURE 1
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[ .3x; 2X3
X | + 1]
1) Xy

(wath x,, x; free)



FIGURE 2

EXAMPLE 2 A single linear equation can be treated as a very simple system of
equations. Describe all solutions of the homogeneous “system”

10x) — 3 —2xy =10 (1)

SOLUTION There 1s no need for matrix notaion. Solve for the basic vanable x; m
terms of the free vanables. The general solution 15 x) = .3x; + 2x:, with x; and x»
free. As a vector, the general solution is

X x4+ .20 [ 3x, 2X3
Xm= | X3 | = X3 = x|+ i
X X3 i 0 X3

3 2]
=l'1|: E]+11[ﬂ (with x;, x; free) (2
() |

T f

] ¥
This caleulation shows that every solution of (1) 1s a lnear combination of the vectors
u and v, shown m (2). That is, the solution set 1s Span {u, ¥}. Since neither u nor vis a
scalar multiple of the other, the solution set 15 a plane through the origin. See Fig.2. W




1.5 Solution Sets of Linear Systems 45
EXAMPLE 2 Describe all solntions of 4x — b, where

3 5 —4 7
A=]|-3 —2 4| and b= | —1
G 1 —8 —4

SOLUTION Here A is the matmnx of coefficients from Example 1. Row operations on
[A b] produce

3 5 -4 7 1 0 —§% -1 X —§xy=—1
=3 22 b =k =& T a8 I X2 - 2
6 1 —8 —4 0 O 0 0 0 = 0
Thus x; = —1 + %.1.'_;. xty= 2, and x: is free. As a vector, the general soluton of
Ax = b has the form
Xy -1 < i_l'], — ;Iv. -] i
xX=| X2 = 2 = = 2 | +Xx3]| 0O
Xa X3 )]

i e



1.7 LINEAR INDEPENDENCE

DEFINITION Anindexed set of vectors {v;,...,¥,} in R" s said to be linearly independent
if the wector equation
IM NN+t XY, =0

( has oaly the trivial solution The set {w,. ... ¥, is said to be linearly dependent
if there exist weights ¢, .. ., ot all zeto, such tha

nn}tfﬁﬁ---ﬂﬂfﬂ )

. &/Pd -\7/,,,,°/JM C. 7°



| 4 2
EXAMPLE 1 Letv; = I:E].v:= lrﬁ}.i]ﬂ?;q = [Ij|
3 6 0

a. Determine if the set {v;, v, v1} is linearly independent.
b. If possible, find a mear dependence relation among v, v;, and vs.

i ———

1 0 =2 0 Xy - 2xy ={ 1 4 2 0 1 4 2 0
0 0 0 0 0—0 36 0 0 0 0 0 0

Thus x; = 2x3, X3 = —x3, and x5 15 free. Choose any nonzero value for x;—say,
x3 = 5. Then x; = 10 and x> = —5. Substimte these values mto equation (1) and
obtam

0wy —5%; +5v3 =10

This is one (out of infinitely many) possible linear dependence relations among vy,
vy, and v B



Linear Independence of Matrix Columns

Suppose that we begin with amatrix A = [a; --- &, | instead of a set of vectors. The
matrix equation Ax = 0 can be written as

Xl Xl 4+ Xg8y =0

Each linear dependence relation among the columns of A corresponds to a nontrivial
solution of Ax = 0. Thus we have the following important fact.

The colomns of 2 matnx A are linearly independent 1f and only if the equation
Ax = 0 has only the tnvial solubon. (3)



EXAMPLE 2 Determine if the columns of the matnx 4 = | |

2 —1 | ame
_5 - {l_
linearly independent.
SOLUTION To study Ax = 0, row reduce the anugmented matrix:
0 1 4 o] 1 2z-=1 o] 1 2 -1 @O
1 2 -1 O0]~|0 1 4 O0|~|0 1 4 0O
5 8 0 0 0 -2 5 0] 0 0 13 0]

At this point, it 15 clear that there are three basic vanables and no free vanables. So

the equation Ax = 0 has only the tmvial solution, and the columns of A are hinearly
independent. i



Sets of One or Two Vectors

A set contamming only one vector—say, v—1s linearly independent if and only if v is
not the zero vector. This is because the vector equation x;v = 0 has only the trivial
solution when v = 0. The zero vector 1s linearly dependent because 1|0 = 0 has many
nontrvial solutions.

The next example wall explain the nature of a linearly dependent set of two vectors.



EXAMPLE 3 Determine if the following sets of vectors are linearly independent.

o[l soe Rl

SOLUTION

a  Notice that v, 15 2 multiple of v, namely, v, = 2v,. Hence —2v, + v, = 0, which
shows that {v,, va} 15 linearly dependent.

b. The vectors v; and v» are certamly mof mmltiples of one another Could they be
linearly dependent? Suppose ¢ and  satisfy

¥ +dva =10
If ¢ # 0, then we can solve for v; in terms of v;, namely, v = (—d /c)¥v:. This

result 15 impossible becanse v, is mof a multiple of v;. 5o ¢ must be zero. Smularly,
d must also be zero. Thus {v;, v} 1s a linearly independent set. e



1.5 | SOLUTION SETS OF LINEAR SYSTEMS Sk b vl and andabae =<3 2= D s

The homogeneous equation Ax = 0 has a nontrivial solution if and only if the X -l __:—"-‘ % 5
equation has at least one free vanable. X = _t:J = 0 =x3] 0| =x3v, wherewv= | 0
1 1

EXAMPLE 1 Determine if the following homogpeneous system has a nontrivial

| rcmioe if : —*3
solution. Then describe the solution set. \J’ey{ld f N \{‘ ?\(AVV‘

vy 4+ 5x; —4x3; =0

—3x — 2y + 43 =0 ’;
Gy + x; — 8x3 =0 -\l\‘
i _ _ A
3 54 0 3 54 0 3 54 0
-3 =2 4 0|~ 3 0 0]~|0 3 0 O
6 1 -8 0O 0 -9 0 0 0o 0 o0 o

| 0t 0] m —iu=0 S 11
0 1 0 0 X =0 " §
0 0 -~ S¢V¢ v&



*

Y
]O-r‘. - 3«\7 — 24‘ = 0 Iy
-
L
Ve
. -
b o | ._1!.'{'1 — .l‘i'] i .3.1"] X3 Xn
XE=]x3]|= X3 = x |+ 0 .
X3 Xa u 0 Xa
3 27
= X2 | <+ X3 0 with X1, X3
0 |




Parametric Vector Form

parametric vector equation ¢

x=su+1v (s,tmmR)

Solutions of Nonhomogeneous Systems

v - - - - - -



EXAMPLE 3 Describe all solutions of Ax = b, where
i 5 -4 7
A=[-a 3 4] o b=[-l]
6 1 -8 —4

3 54 71 J1 0= x =$u=-l _
=3 -2 4-l|~|0 1 0 2| B = -fl=‘]‘|j§-’fh-*!=l“*“3‘5&ff-
6 0 0 0 = S

’ ol 4. =2 4] s 4
X1 I+3% ' 33 ! 3 Ax =0 x=1tv (1mnR)
Xx=|xx|= 2 = 2|1+ 0 |= 2|4+x]10 R Tl 2
X3 X3 ] X3 B { ]
}
¥

‘L; (\QQ ?a\(d\«\"\-\(r

[with the same v that appears m (3)]. Thus the solutions of Ax = b are obtaned by

: N adding the vector p to the solutions of Ax = 0. The vector p itself 15 just ooe particular
The equation x = p 4+ ¥, or, writmg | 25 a peneral parametet, solution of Ax = b [comespondine to. = 01 (3)] al

i=p+iv (1mE)



ﬁ ptiv
=0
Y + F F__.___,_...--d [ f/ Ax
v
F. f —— *
J
‘T

Suppose the equation Ax = b is consistent for some given b, and let p be a
solution Then the solution set of 4Ax = b 1s the set of all vectors of the form
w = p + v;,, where v;, 1s any solution of the homogeneous equation Ax = (.

Warning: Theorem 6 and Fag. 6 apply only to an equation Ax = b that has at least
one nonzero solution p. When Ax = b has no solution, the solution set 1s empty.

WRITING A SOLUTION SET (OF A CONSISTENT SYSTEM) IN PARAMETRIC
VECTCR FORM

1. Row reduce the augmented matnx to reduced echelon form.

2. Express each basic vanable in terms of any free vanables appeanng in an
equation

3. Wnte a typical solution x as a vector whose entnies depend on the free
vanables, if anv.

4. Decompose x mto a linear combination of vectors (with numenc entries) using
the free vanables as parameters.




1. Each of the following equations deternunes a plane in B°. Do the two planes
mtersect? If so. deseribe their intersection

xp+4x; —5x;, =0
2 — ;4 8x3=9

2. Wnte the general solution of 10x| — 3x; — 2x3; = 7 in parametric vector form, and
relate the solution set to the one found mn Example 2.

| 4 =5 0 N 1 4 =5 0 o 1 0 3 4
2 -1 8 9 0 —9 I8 9 0 1 -2 —1
X) + 3= 4

Xy — 2x; = —|

i) = 4= 3x3, x3 = =1 4+ 2x3, wath x; free.

r

|

X\
X2
X3

Il

4 3_1'3
-1 + :"..'I'j
X1

-l

-1
0

=

-

-3
2
|



The augmented matnix [ 10 =3 =2 7 ]isrﬂwequivaimttu[ 1 -3 -2 7 ]
wd the general solution 1s x; = .7 + 3x; + .2x,, with x; and x, free. That 1s,

X T+ 3x; + 2x, 7 3 2
x=|x | = X3 =| 0] 4+x| 1 |4+x3] O
X5 X3 ﬂ () ]

= p + X + Xi¥v

[he solution set of the nonhomogeneous equation Ax = b 1s the translated plane
» + Span {u, v}, which passes through p and 15 parallel to the solunon set of the
10mogeneous equation m Example 2.
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